Lecture 03: Classical Inferential Statistics I:

Basics and Confidence Intervals

3.1 Expectation and Covariance Matrix
of the Ordinary Least Squares (OLS)
Estimator

3.2 Confidence Intervals
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3.1. Ordinary Least Squares (OLS) Estimator:
Expectation and Covariance
» Only stochasticity: residual errors € accordingto y = X3 + €
» The OLS estimator is linear in y:

~

B = (X'X)"'X'y
= (X'X)'X'(XB+e€)
— B+ (X'X) " X'e

Expectation value

E(B)=E(B)+ (X'X) ' X'E(e) =8

The OLS estimator of parameter-linear models is un-
biased under the mild condition E(e) = 0 for all the
data points



Econometrics Master's Course: Methods 3. Classical Inferential Statistics 3.1. OLS Expectation and Covariance

OLS estimator: variances and covariances

> GauB-Markow conditions — € ~ i.i.dN(0,02) — 3 is normal
distributed



Econometrics Master's Course: Methods 3. Classical Inferential Statistics 3.1. OLS Expectation and Covariance

OLS estimator: variances and covariances
> GauB-Markow conditions — € ~ i.i.dN(0,02) — 3 is normal
distributed

» In this case, the complete error characteristics are specified by
the expectation value and the variance-covariance matrix VB



Econometrics Master's Course: Methods 3. Classical Inferential Statistics 3.1. OLS Expectation and Covariance

OLS estimator: variances and covariances

> GauB-Markow conditions — € ~ i.i.dN(0,02) — 3 is normal
distributed

» In this case, the complete error characteristics are specified by
the expectation value and the variance-covariance matrix VB

v, @ E(B-8B-8))
linsert B— B+ (X'X) "' X'e o] = E((x’X)*lx’e((x’X)*lx’e)’)



Econometrics Master's Course: Methods 3. Classical Inferential Statistics 3.1. OLS Expectation and Covariance

OLS estimator: variances and covariances

> GauB-Markow conditions — € ~ i.i.dN(0,02) — 3 is normal
distributed

» In this case, the complete error characteristics are specified by
the expectation value and the variance-covariance matrix VB

def

v, @ E(B-8B-8))

E
linsert B— B+ (X'X) "' X'e o] = E((x’X)*lx’e((x’X)*lx’e)’)
E((X'X)"'X'eeX (X'X)™1)

[transpose and inversion rules —] =
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OLS estimator: variances and covariances

> GauB-Markow conditions — € ~ i.i.dN(0,02) — 3 is normal
distributed

» In this case, the complete error characteristics are specified by
the expectation value and the variance-covariance matrix VB

def P P
v, @ E(B-8B-8))
linsert =B+ (X'X) 'X'e =] = E((X’X)’lx’e ((X’X)’IX’e)/)
[transpose and inversion rules -] = K ((X X )_IX/66,X (X X )_1)
[E(.) actsonlyon e =] = (X X )_1X ,E(GEI)X (X X )_1
[GauB-Markow —] = (X/X)_IX,O'?X (X/X)_1
[def inverse matrix —] = 0'62 (X X )_1

The variance-covariance matrix depends only on the values of the
exogenous factors!
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Results

» Ordinary least squares (OLS) estimator:

B=xXx)"
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Results
» Ordinary least squares (OLS) estimator:
B=xx)"' X'y
» Variance-Covariance matrix of the estimation errors (provided the

errors are i.i.d.) can be written in terms of the Hesse matrix H of the
objective function SSE:

Vo = E(B-B)B-8)) =0 (X'X)" =20°H ",
Hj, = agﬁz—gﬁkﬁ:ﬁﬂ(x’x)m

> Variances of estimation errors: V(Bj) =V

. . . 5 A Vi
» Correlation of estimation errors: Corr(8;, i) = —=L—
7 Vi3 Vier
JiVkk
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Results

» Ordinary least squares (OLS) estimator:

B=xXx)"

X'y

» Variance-Covariance matrix of the estimation errors (provided the
errors are i.i.d.) can be written in terms of the Hesse matrix H of the
objective function SSE:

Vo = E(B-B)B-8)) =0 (X'X)" =20°H ",

2
Hix = 5,08 |55 = 2XX)s

B=B

> Variances of estimation errors: V(Bj) =V
Vi

vV ViiVik

> Distribution of the normalized estimation errors: =52 ~ N (0, 1)
G

> Correlation of estimation errors: Corr(ﬁj,Bk) =
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Estimation of the residual variance
The above cannot be applied directly since the residual variance o2 is

A~

unknown and must be estimated by the minimum SSE S(f):

T n—p n—p

i

This is a generalisation of the variance estimator of a random variable
Y with no exogenous variables (model Y = 3y + ¢, € ~ i.i.d., OLS
estimator § = By = y):

— Z(yi—§)2

n—14%
7
if we knew the expectation E(Y"), i.e., the true value u = Bg, we
could use the unbiased estimator 52 = 1/n > (y; ;1,)2. Otherwise, we need to replace the unknown p by its

estimator 3. If, by chance, the sample gives § > p, then also the individual data y; tend to be above p, so
> (ys — )2 < > (yi — 1)?. The same is true if § happens to be < j. So, >y — 7)2 is systematically
smaller than >, (y; — u)z which must be compensated for by a smaller denominator.

Info: In Derivation for experts, the unbiased estimators for the simple case

(p= 1,5 = 7) and the general case p > 1 are formally derived.


https:/www.mtreiber.de/Vkoek_Ma/download/Lecture03a_unbiasedResidualVar.pdf
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Results if the variance needs to be estimated

» Estimated variance-covariance matrix:

V,=2"H =62 (X'X)""


https:/www.mtreiber.de/Vkoek_Ma/download/Lecture03a_unbiasedResidualVar.pdf
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Results if the variance needs to be estimated

» Estimated variance-covariance matrix:
v A200—1 _ A2 (3 liy\ "
Vg=20'H" =¢ (X'X)
» Normalized parameter estimation errors (see derivation for experts):
—Bi _ B~ B
j

N
-27= L

=7

SIS
SHESS


https:/www.mtreiber.de/Vkoek_Ma/download/Lecture03a_unbiasedResidualVar.pdf
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Results if the variance needs to be estimated

» Estimated variance-covariance matrix:
Y A200—1 _ A2 iy iy T
Vg=20'H" =¢ (X'X)
» Normalized parameter estimation errors (see derivation for experts):
—Bi _ B~ B
j

N
-27= L

» A random variable with a standard Gaussian in the numerator and the
normalized square root of a x?(n — p) distributed random variable in
the denominator defines a student-t distribution with n — p degrees
of freedom:

=7

SIS
SHESS

5; B
Vis

~T(n—p)


https:/www.mtreiber.de/Vkoek_Ma/download/Lecture03a_unbiasedResidualVar.pdf
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Multivariate distribution function of B
The distribution of the errors A[ﬂ = [3 — 3 obeys a multivariate normal
distribution:

AB X'X AB

R IV
fB(A,B)ocexp _iAﬁ V" AB| =exp 207
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The distribution of the errors A[ﬂ = [3 — 3 obeys a multivariate normal
distribution:

AB X'X AB

2
207

fﬁ(AB) X exp —%A[ﬁl v-! Aﬁ} = exp

Relation to the maximume-likelihood-method (— Lecture 07:)
Expand the SSE S(3) around 3 to second order:

S(8)~ S(B) ~ 508 H AB=AF X'X A
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Multivariate distribution function of B

The distribution of the errors A[ﬂ = [3 — 3 obeys a multivariate normal
distribution:

AB X'X AB

2
207

fﬁ(AB) X exp —%A[ﬁl v-! Aﬁ} = exp

Relation to the maximume-likelihood-method (— Lecture 07:)
Expand the SSE S(3) around 3 to second order:

S(8)~ S(B) ~ 508 H AB=AF X'X A

= fg(AB) X exp [—M

2
207
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Multivariate distribution function of B

The distribution of the errors A[ﬂ = [3 — 3 obeys a multivariate normal
distribution:

AB X'X AB

2
207

fﬁ(AB) X exp —%A[ﬁl v-! Aﬁ} = exp

Relation to the maximume-likelihood-method (— Lecture 07:)
Expand the SSE S(3) around 3 to second order:

S(8)~ S(B) ~ 508 H AB=AF X'X A

L 75(88) xexp l_w

and with the estimated residual variance 62 = S(

; (n—p) (SB)
w050 (352

=
<
£}
|
=
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Example of correlated errors: modeling the demand for hotel

rooms
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Example of correlated errors: modeling the demand for hotel

rooms
120 ry
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Example of correlated errors: modeling the demand for hotel

rooms

120 ry
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Example of correlated errors: modeling the demand for hotel

rooms

120 ry
. 10 ® ] » The example of Lecture 02:
° 80 L4 e |
g : y = Bo + f1x1 + P2x2 + €
z 60 °
2 o ® » Exogenous factors: ©g = 1, x1: proxy for
2 * 1 . . .
£ . . quality [# stars]; z2: price [€/night].

0y 1 > Endogenous variable: booking rate [%]
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Residual errors for fitted parameters

1 20 T T T T T
Simple Regression (x;) ———
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Effect of mis-fit parameters I: small effect if 3, and 3, have
opposite misfits

By and B, um AP, bzw. — AB, verschoben

12 r T - .
0 y est(x4=1 star, x,)
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Effect of mis-fit parameters Il: small effect if 3, and 3, have
opposite misfits

By and B, um - AB, bzw. +Ap, verschoben
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Effect of mis-fit parameters Ill: large effect if 3, and 3, have
both positive misfits

B4 and B, um AB; bzw. AB, verschoben
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Effect of mis-fit parameters IV: large effect if 3, and 3, have
both negative misfits

By and By, um - AB, bzw. — AB, verschoben

12 T T - .
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All this results in a negative correlation
between the estimation errors for 3, and 3,

f(hat(B);, hat(B),)
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» OLS estimator:
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Special case 1: No exogenous variables
» Model: y=0p+e:=pu+c¢
» System matrix: X = (1,1,...,1)’
» OLS estimator:

_ 1
XX) = Xy=Y =,

> Variance: Voo = V() =02 (X'X) ' =< Voo = £
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Econometrics Master's Course: Methods

Special case 1: No exogenous variables

» Model: y=0p+e:=pu+c¢
» System matrix: X = (1,1,...,1)’

» OLS estimator:
41
XX) =2 X'y=Y yi=nj
(X'X) = Y yi = n,

/BO_ﬂO _ y;:u \/7NN(0,1),
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Special case 2: Simple linear regression
» Model (with z1 = z): y =By + 1z + €
» System matrix:

_ . . / . n nx
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Special case 2: Simple linear regression
» Model (with z1 = z): y =By + 1z + €
» System matrix:

1$1

_ . . / . n nx

1 z,

» OLS estimator (with s2 = 1/n(>" 2? — nZ)):

2 _
(X/X)flzi % —T X/y: ( ny )
’ > TiYi

o= (o AN\ _Summ—nay s
' ns3’ nsj > TiYi a2 —nz s2’
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Simple linear regression (ctnd)

» Variance-covariance matrix (assuming w/o loss of generality

z=0):
a2 v\l _ 2 % 0
V(B =0 (XX) =0 0 L

T
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Simple linear regression (ctnd)

» Variance-covariance matrix (assuming w/o loss of generality

z=0):
a2 v\l _ 2 % 0
V(B =0 (XX) =0 0 L

» Variance of the estimator g(x) (z is deterministic):

2 2
V(§(x)) = V(Bo + A1) = Voo + 22Vay + 2aViy = = (1 N ﬂfg)

n
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Simple linear regression (ctnd)

» Variance-covariance matrix (assuming w/o loss of generality
z=0):

V(B) = o2 (x’x)‘1202< é 0 )

2
nsz

» Variance of the estimator g(x) (z is deterministic):

[\

2
V(§(x)) = V(Bo + A1) = Voo + 22Vay + 2aViy = = (1 N ﬂfg)

n
» Distribution of the estimator for y(x):
j(@) ~ N(y(@),V(i(x)))

If 02 has to be estimated by 62, the normalized estimators for
Bo, B1 and y(z) are ~ T'(n — 2).
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0.6
10 |
g | = 0.5
6 | / 0.4
——
0.3

2 Z Z 1 .
2t |

1 I L L O
-6 -4 -2 0 2 6 8 10 12

4
> If the GauB-Markov SZ80RPEEHEAREY, the model estimation
errors §(z) — y(z) are Gaussian distributed

abhaengige Variable y
'S

» The expectation and variance depends on z; the standard error is
hyperbola-shaped.
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3.2. Confidence Intervals:
where the Student-t distribution comes from

2/\
Sp
1
Sample 1 —o
Sample 2 | ; L 4 I
. e
’ ;
Sample 8 f {
A
f( B ) normal distribution

A
- B

Sample 1
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3.2. Confidence Intervals:
where the Student-t distribution comes from

a
26,1
B
I
1
Sample 1 ‘—.I% |
Samﬁ‘)le 2 r y @ ;
| P
f ——
|
: 1 ‘ |
Sample 8 f 1
A
f{(p) normal distribution
N A
~ B
p
density
Sample 1 — 5
Chi “distribution
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3.2. Confidence Intervals:

3.2 Confidence Intervals

where the Student-t distribution comes from

26

B ;
- :
Sample 1 — 0 ©] :
Sample 2 I ) | Py !
| O+—— e ra
1 T
e &
Sample 8 1 T '
A i :
() e normal distribution ~™
! ' t distribution
A A ' /
> B 1 -t

Sample 1

=

density f

.

estimated
standard dev.

T 2
Chi ~distribution

—

deviation
in multiples
of the estimated
standard error
A
—P
A
op
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3.2. Confidence Intervals:
where the Student-t distribution comes from

1
1
Sample 1 15 ;
Sample 2 { ° ! =)
| e !
T o
: |
o . &
Sample 8 t o
A f(0) :
f(p) | normal distribution
' t distribution
1
A
> B : k‘# t
-1 / 0 1 deviation
estimated in multiples
density f standard dev. of the estimated
standard error
Sample 1 — 5 N
Chi ~distribution B

A A

rZGB GB
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Densities of standard normal vs. Student-t distribution

0.4
0.35
0.3

0.25

0.15
0.1

0.05
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Distributions of standard normal vs. Student-t-distribution

1

0.98
0.96

0.94

092 b i

0.88
0.86
0.84
0.82

0.8

df=1
df=2
df=3
df=4
df=5
df=10

n -> infinity (Gauss)

F=0.95

2 3
Argument t

4
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Calculation of the confidence intervals (Cl)

~

Cli) : s € [Bj — ABj. By + ABJ’] A=,
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Calculation of the confidence intervals (Cl)

~

cI) g e [ﬁj — ABy, B + Aﬁj] . DB =1 sy,

> t1_o/2: Quantile (inverse of) the distribution function

Confidence Interval for di=3 and a=0.05
T T

1 T T T T T L —
0.8 | 1
)
E 0.6 | 1
2
w
c
=]
3 04+t |
2 F—
Cl
F=0.025 ——
0.2 F=0.975 —— 1
0 [—— Il
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3.2 Confidence Intervals

Calculation of the confidence intervals (Cl)

CI(B?) :ﬂj IS [,BJ — AijBj +AIBJ'] ,

~

A/BJ _ t("*p) A

1-a/295;"

> t1_o/2: Quantile (inverse of) the distribution function

» Cl “uncertainty principle":

Density Student (3)

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

0

Higher sensitivity implies higher a error.

Confidence Interval for df=3 and a=0.05

Density =——
Cl” s
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3.2 Confidence Intervals

Hotel example: CI for the appraisal for “stars” 3

Confidence Interval (B4) fir 0=0.05

Density

(full model)

Model: y(x) =3 ; Bjz; + €

Factors:
xo =1, x1: #stars, xo: price

Confidence interval (Cl):

Bre |Br— ABY)‘), By + AB_wEa)]
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Hotel example: CI for the appraisal for “stars” 3

Confidence Interval (B,) fir 0=0.05 (fU" mOdeI)

0.08 —

0.07 + 4

005 | 1 Model: y(x) =3 ; Bjz; + €
. o0osf 1
-‘%‘ L Density
g o K Factors:

0.03 | .

oozl | xo =1, x1: #stars, xo: price

0.01 / i

0 - Confidence interval (Cl):
25 30 35 40 45 50 55 60
Confidsnce’zlnteﬁ"aﬁmy{ﬂru=0.05 ~ N ~ N

——— Bre [B—AB™ B+ ag]
L 08 : Ala) _ ,(n—3) S A
5 Aﬂl - tl_a/g V(Bl)
£ s S
Il Kl »
s F=0.025 ——
£ o4 F20.975 ——
z

02|

0

25 30 35 40 45 50 55 60
B4 — Estimator
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Hotel example: CI for the appraisal for “stars” 3

Confidence Interval (B,) fir 0=0.05 (fU" mOdeI)

0.08 T T T T T T

0.07 + 4

005 | 1 Model: y(x) =3 ; Bjz; + €
. 005f 1
%‘ L Density
£ Zz‘; K Factors:

0:02_ | xo =1, x1: #stars, xo: price

0.01 / 1

0 - Confidence interval (Cl):
25 30 35 40 45 50 55 60
Confidsnce’ﬁnteﬁ"a‘f’ﬁﬂ}?ﬂr a=0.05 ~ A~ ~ ~

——— Bre [B—AB™ B+ ag]

08 1 Ala n—3 Sy
AR =" DAV (B)
£ osf F— AN L A2 ’ -1
A= VB =e [T
E 0.4 F=0.975 mm—

02

0

25 30 35 40 45 50 55 60
B4 — Estimator
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Hotel example: CI for the appraisal for “stars” 3

Confidence Interval (B,) fir 0=0.05 (fU" mOdeI)
0.08 — —
0.07 + 4
005 | 1 Model: y(x) =3 ; Bjz; + €

. o0osf 1

B oo o Factors:

S oot - i
oozl | xo =1, x1: #stars, xo: price
0.01 / . .

0 - Confidence interval (Cl):
25 30 35 40 45 50 55 60
Confidsnce’ﬁnteﬁ"a‘f’ﬁﬂ}?ﬂr a=0.05 ~ A~ ~ ~
o Bre [B - a8, + a3
08 1 ple) _ 4(n=3) /yr(A

AB = €IV

£ osf F— AN L A2 -1

5 Fr00%8 —— V(Bl) = e [(X/X) }11

5 o4 F=0.975 == n ;

- A 1 N

& Ll | Ufzr_g,z:(yi—yi)

. =1
0

25 30 35 40 45 50 55 60
B4 — Estimator
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