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Introdu
tion: Ve
tors, Matri
es, and Basi
 Operations on them

(1) Ve
tors and Matri
es

�Normal� ve
tor = 
olumn ve
tor ~a with n 
omponents:

~a =







a1
.

.

.

an






�n× 1-matrix�

row ve
tor = transposed 
olumn ve
tor:

~a′ = (a1, · · · , an) �1× n-matrix�

n×m-matrix, i.e., a matrix with n rows und m 
olumns.

A =







a11 · · · a1m
.

.

.

.

.

.

an1 . . . anm






. �n×m-matrix�

Transposed matrix: the rows and 
olumns are swapped (the transposed ve
tor above is a spe
ial


ase of that).

A′ =







a11 · · · an1
.

.

.

.

.

.

a1m . . . anm







(

A′
)

ij
= aji.

Unit matrix E (neutral element with respe
t to matrix multipli
ation):

E =







1 0 0

0
.

.

. 0
0 0 1






where A ·E = E · A = A

Inverse A−1
of a regular (ne
essarily square) matrix A:

A−1 ·A = A ·A−1 = E

(The only spe
ial 
ase where a matrix produ
t is 
ommutative)
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(2) Additions and multipli
ations (the dots for the s
alar and matrix produ
ts

will be left out later on)

Operation

De�nition Condition Result

ve
tor addition

(

~a+~b
)

i
= ai + bi na = nb

ve
tor mit

na 
omponents

matrix addition

(

A+B
)

ij
= aij + bij nA = nB , mA = mB nA ×mA-matrix

multipli
ation

by a number

(c~a)i = cai,
(

cA
)

ij
= caij none

ve
tor or

matrix

s
alar produkt ~a′ ·~b = ~b′ · ~a =
n
∑

i=1

aibi na = nb number (�s
alar�)

dyadi


(tensor)

produ
t

~a ·~b′ =







a1b1 . . . a1bnb

.

.

.

.

.

.

ana
b1 . . . ana

bnb






none na × nb - matrix

matrix

times ve
tor

(

A ·~b
)

i
=

m
∑

j=1

aijbj
A = n×m-matrix,

~b = m- ve
tor

n- ve
tor

matrix-

multiplikation

(

A ·B
)

ij
=

m
∑

k=1

aikbkj
A = n×m-matrix,

B = m× k - matrix

n× k-matrix

Noti
e that, formally, an n- ve
tor is nothing else as a n× 1-matrix, and a 
orresponding row

ve
tor a 1 × n-matrix. Furthermore, a number is a 1 × 1-matrix. Consequently, the rules for

s
alar and dyadi
 produ
ts, the multipli
ation rule for �matrix times ve
tor�, and the addition

and multipli
ation of normal numbers are just spe
ial 
ases of matrix multiplikation!
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Problem 2.1: Matrix Rules

Prove by expli
itely 
al
ulating the right-hand and left-hand sides of the following that the

following statements and rules are valid:

(a) 
ommutativity is valid for s
alar produ
ts with simultaneous transposition, ~a′~b = ~b′~a, but

not for general (non-degenerated) matrix produ
ts: AB 6= BA

(b) Asso
iativity for matrix produ
ts and matrix-ve
tor produ
ts: (AB)C = A(BC),
(~a′B)C = ~a′(BC), (AB)~c = A(B~c), and the like.

(
) Distributivity for general matrix produ
ts su
h as A(~b+ ~c) = A~b+A~c

and A(B + C) = AB +AC

(d) �Binary swit
hing property� of the transposition operation:

(

A′
)

′

= A

(e) Rules for the transpose of ve
tors and matri
es:

(

A~b
)

′

= ~b′A′
and

(

AB
)

′

= B′A′

(f) For arbitrary n×m matri
es X, the produ
t X ′X is a symmetri
 m×m matrix:

(

X ′X
)

ij
=

(

X ′X
)

ji

(g) For arbitrary regular (invertible) matri
es, the operations of transposition and inversion

are 
ommutative, i.e.,

(

A′
)

−1
=

(

A−1
)

′

.

Problem 2.2: Matrix Inversion

(a) Given is a general 2× 2 Matrix

A =

(

a b

c d

)

.

Prove by means of matrix multipli
ation that the inverse of this matrix is given by

(

a b

c d

)−1

=
1

detA

(

d −b

−c a

)

, detA = ad− bc (1)

provided A is regular, i.e., the determinant ad− bc 6= 0.

(b) (Exer
ise at home): Show by evaluating the matrix produ
t A · A−1
that the inverse of

regular 3× 3 matri
es is given by





a b c

d e f

g h i





−1

=
1

aei+ bfg + cdh− afh− bdi− ceg





ei− fh ch− bi bf − ce

fg − di ai− cg cd− af

dh− eg bg − ah ae− bd





.
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Problem 2.3: Ve
tor and Matrix Derivatives

A ve
tor derivative of a s
alar fun
tion depending on a ve
tor

~β of variables is de�ned to be

the 
olumn ve
tor

∂f(~β)

∂~β

def

=













∂f
∂β0

∂f
∂β1

.

.

.

∂f
∂βJ













.

Apply this de�nition to the s
alar fun
tions f1(~β) = ~β′~a and f2(~β) = ~β′A~β (~a and A do not

depend on

~β) and show that following derivation rules are valid:

∂

∂~β

(

~β′~a
)

=
∂

∂~β

(

~a′~β
)

= ~a,

and

∂

∂~β

(

~β′A~β
)

=
(

A+A′
)

~β.
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