Lecture 04: Classical Inferential Statistics Il:
Significance Tests

4 Significance Tests

4.1 General Four-Step Procedure

4.1.1 Step 1: Chosing Hy: Type | and Il
errors

4.1.2 Steps 2 and 3: Test statistics
4.1.3 Steps 4: Decision
4.1.4 Step 4a: The p-value

4.2 Dependence on the True Parameter
Value: Power Function

4.3 Model Selection Strategies
4.4 Logistic Regression
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4.1 General Four-Step Procedure
1. Formulate a null hypothesis Hy such that their rejection gives
insight, e.g. 3; = Bjo (point hypothesis) or 3; < fy (interval
hypothesis): Notice: One cannot confirm Hy
2. Select a test function or statistics T’
» whose distribution is known provided the parameters are at the
margin H( of the null hypothesis (of course, Hj = Hy for a
point null hypothesis)

Test function in units of the estimated standard deviation
» which has distinct rejection regions R(c«) which are reached
rarely (with a probability < «) if Hy but more often if H; = Hy
3. Evaluate a realisation t4,:; of T from the data
4. Check if tgata € R(). If yes, Hy can be rejected at an error
probability or significance level ««. Otherwise, nothing can be
said :
4a Alternatively, calculate the p-value as the minimum « at which
Hj can be rejected.
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4.1.1 Step 1: Choosing Hy: Type | and Il errors

Ho not rejected Hy rejected

Hy is true / Type |

error

. Type I
Hg is not true error /

» A significance test reduces reality to a “binary in-binary out” setting.
There are two combinations corresponding to a correct test result

» We can control the type | or a-error probability
P(Hy rejected|Hp) < « in significance tests

» Since the type Il or B3-error probability P(Hy not rejected|Hy) is
unknown, the more serious error type should be the a error

Fundamental problem: | want P(Hjy|rejected) and P(Hjy|rejected)
>  while | get control over P(rejected|Hy) < P(rejected|HS) =
Bayesian statistics
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4.1.2 Steps 2 and 3: Test statistics |

» (i) Testing parameters such as Hy: 8 = Bjo or B; > B0 or B; < Bjo:
The test function is the estimated deviation from H{ in units of the
estimated error standard deviation. It is student-t distributed with
#dataPoints- #parameters degrees of freedom (df):

ﬁj ﬂjO
Vi

T = ~T(n—1-1J)
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4.1 General Four-Step Procedure
4.1.2 Steps 2 and 3: Test statistics |

(i) Testing parameters such as Hy: 3; = B0 or B; > Bjo or 5 < Bjo:
The test function is the estimated deviation from H{ in units of the
estimated error standard deviation. It is student-t distributed with
#dataPoints- #parameters degrees of freedom (df):

T — ﬁj ﬂjO
Vi

~T(n—1-1J)

(ii) Testing functions of parameters such as Hy: $1/82 =2, <2 or

> 2: Transform into a linear combination. Then, the normalized
estimated deviation is student-t distributed under H. Here, at H{, the
linear combination is b = 81 — 285 = 0:

b = i —2p,
V() = Vi1 +4Vay —4Via,
V(b)
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Test statistics |l

» (iii) Testing the correlation coefficient in an xy scatter plot:

~

p= Sxy, Hy:p=0, T:LA\/n—QNT(n—%
Sz Sy 1— p?
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Test statistics |l

» (iii) Testing the correlation coefficient in an xy scatter plot:

p=" Hy:ip=0, T= \/n— ~T(n —2)

SuSy ’ \ /1

Derivation: p = 0 if, and only if, in a simple linear regression
y = Bo + f1x + ¢, the slope parameter 51 = 0, so test for 51 = 0: Under Hy,
the test statistics

T =5 /\ Vi1 =

n ~

(n—2)

Now insert & which can in the simple regression case, be explicitely
calculated: 6° = n(s) — s2,/s2)/(n —2)
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» (iii) Testing the correlation coefficient in an xy scatter plot:

p=" Hy:ip=0, T= \/n— ~T(n —2)

SuSy ’ \ /1

Derivation: p = 0 if, and only if, in a simple linear regression
y = Bo + f1x + ¢, the slope parameter 51 = 0, so test for 51 = 0: Under Hy,
the test statistics

T:ﬁgl/ Vi = (n—2)

n ~

Now insert & which can in the simple regression case, be explicitely
calculated: 6° = n(s) — s2,/s2)/(n —2)

(iv) Test for the residual variance, Ho: o> = o3, 0 > 0§, and 0® < 03:

6° 2
T=—=5Mnmh-1-J)~x"(n—-1-1J)
90
The one-parameter chi-squared distribution with m degrees of freedom

x*(m) = 3" Z? is the sum of squares of i.i.d. Gaussians. Its density is not

symmetric, so we need to calculate both the o and 1 — « quantiles
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» (v) Tests of simultaneous point null hypotheses, e.g., Hy: (81 = 0)
AND (B2 = 2) using the Fisher-F test:

(So — 8)/(M — M)

T =g/ -

~ F(M — Mo,n — M)



Econometrics Master's Course: Methods 4. Significance Tests 4.1 General Four-Step Procedure

Test statistics 111

» (v) Tests of simultaneous point null hypotheses, e.g., Hy: (81 = 0)
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» S: SSE of the estimated full model with M = J + 1 parameters
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» (v) Tests of simultaneous point null hypotheses, e.g., Hy: (81 = 0)
AND (B2 = 2) using the Fisher-F test:

(So — 8)/(M — M)

T =g/ -

~ F(M — Mo,n — M)

» S: SSE of the estimated full model with M = J + 1 parameters
> Sp: SSE of the estimated restrained model under Hy with M free
parameters
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» (v) Tests of simultaneous point null hypotheses, e.g., Hy: (81 = 0)
AND (B2 = 2) using the Fisher-F test:

(So — 8)/(M — M)

T =g/ -

~ F(M — Mo,n — M)

» S: SSE of the estimated full model with M = J + 1 parameters
> Sp: SSE of the estimated restrained model under Hy with M free
parameters

» The Fisher-F distribution is essentially the ratio of two independent x?
distributed random variables,

2
Xn /T
F(n,d) = ,
(n. ) X5/d

with n numerator and d denominator degrees of freedom
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» (v) Tests of simultaneous point null hypotheses, e.g., Hy: (81 = 0)
AND (B2 = 2) using the Fisher-F test:

(So — 8)/(M — M)

T =g/ -

~ F(M — Mo,n — M)

» S: SSE of the estimated full model with M = J + 1 parameters
> Sp: SSE of the estimated restrained model under Hy with M free
parameters

» The Fisher-F distribution is essentially the ratio of two independent x?
distributed random variables,

2
Xn /T
F(n,d) = ,
(n. ) X5/d

with n numerator and d denominator degrees of freedom

Argue that always Sy > S
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Equivalence of the F and T-tests for one parameter

With M — My = 1, the F-test is equivalent to a parameter test for the
parameter j in question:

> Parameter test: T = =512  T(n — 1 — J)

VV(Bi)
> F-test: Tz(n—J—l)%wF(l,n—l—J)



Econometrics Master's Course: Methods 4. Significance Tests 4.1 General Four-Step Procedure

Equivalence of the F and T-tests for one parameter

With M — My = 1, the F-test is equivalent to a parameter test for the
parameter j in question:

> Parameter test: T = =512  T(n — 1 — J)

VV(Bi)
> F-test: Tz(n—J—l)%wF(l,n—l—J)



TECHNISCHE )
D Econometrics Master's Course: Methods 4. Significance Tests 4.1 General Four-Step Procedure

Equivalence of the F and T-tests for one parameter

With M — My = 1, the F-test is equivalent to a parameter test for the
parameter j in question:

> Parameter test: T = 22010 ~, T(n—1-1J)

VV(Bi)
> F-test: Tz(n—J—l)%wF(l,n—l—J)

! By definition, Fisher's F is a ratio of X2 distributions. Furthermore, squares of standardnormal random variables
Z are X‘% distributed:
2 2 2 2
F(1,d) = x1/(xa/d) = 27 /(xa/d)
where Z ~ N (0, 1) and X5 and Z are independent from each other. The definition of the student-t

distribution is T'(d) = Z/\/X;—){/(l‘ so F(1,d) = 15
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Equivalence of the F and T-tests for one parameter

With M — My = 1, the F-test is equivalent to a parameter test for the
parameter j in question:

> Parameter test: T = 22010 ~, T(n—1-1J)

VV(Bi)
> F-test: Tz(n—J—l)%wF(l,n—l—J)

By definition, Fisher's F is a ratio of X2 distributions. Furthermore, squares of standardnormal random variables
Z are X;12 distributed:
F(Ld) = xi/(xa/d) = 2%/ (x3/d)
where Z ~ N (0, 1) and X5 and Z are independent from each other. The definition of the student-t
distribution is T'(d) = Z/\/X;—){/(l‘ so F(1,d) = 15
» One can show (difficult!) that following is exactly valid for the lhs.:
3 2 3 2
So—5 _ (B =Bjo)” _ (B; = Bjo)
(=T =) —F— = =
V(B;) Vi

where Sy is the (minimum) SSE for the calibrated restrained model
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» The decision is based on the rejection region:

The rejection region R(H°)(a) contains the
fraction a of all realisations ¢ of the test statis-
tics T which, under H{, are most distant from
Hy
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fraction a of all realisations ¢ of the test statis-
tics T which, under H{, are most distant from
Hy

» Decision:
H is rejected at significance level a if tqata € R(HO)(a)

> A good test statistics allows for a clear definition of what is
meant by “distance to Hy" and brings, for a given «, the
boundary of the rejection region as close to Hj as possible
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4.1.3 Step 4: Decision

» The decision is based on the rejection region:

The rejection region R(H°)(a) contains the
fraction a of all realisations ¢ of the test statis-
tics T which, under H{, are most distant from
Hy

» Decision:

H is rejected at significance level a if tqata € R(HO)(a)

> A good test statistics allows for a clear definition of what is
meant by “distance to Hy" and brings, for a given «, the
boundary of the rejection region as close to Hj as possible

P In contrast to 1" and the realisation t4s:; Which only depends on
H{ and therefore is the same for point and interval hypotheses of
the same kind, the rejection region is different for the different
comparison operators =, >, <
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P>t )= O

no rejection rejection

1
H o Ll
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1. Rejection region for Hy: “<” or “<” (interval hypothesis)

W
P>t )= O

no rejection rejection

- I
H o Ll

» Hj is rejected on the level « if

tdata > t1-a
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2. Rejection region for H,: “>" or “>" (interval hypothesis)

P(t<t )=

rejection no rejection

} >

t1-qa
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2. Rejection region for H,: “>" or “>" (interval hypothesis)

P(t<t )=

rejection no rejection

} >

t1-qa

> Hj is rejected on the level « if

tdata <ta=-t1—-a
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2. Rejection region for H,: “>" or “>" (interval hypothesis)

P(t<t )=

rejection no rejection

I
| -
t1-q
> Hj is rejected on the level « if

tdata <ta=-t1—-a

» The equality sign is only valid for symmetric test statistics
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3. Rejection region for H,: “=" (point hypothesis)

w
P(L<t )= 002

P(>t,_ 0= /2

rejection no rejection rejection
ton Ci-an2

» For symmetric test statistics, Hy is rejected on the level « if

|tdata| > tl—a/2
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3. Rejection region for H,: “=" (point hypothesis)

w
P(L<t )= 002

P(>t,_ 0= /2

rejection no rejection rejection
ton Ci-an2

» For symmetric test statistics, Hy is rejected on the level « if
|tdata| > tl—a/2
» If the distribution is not symmetric (as the x? distribution for the
variance test), the definition of what is “most distant” is not unique.

For simplicity, one assumes equal statistical weights to both sides:

rejected < (fdata < tay2) U (tdata > ti—a/2)
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Example: modeling the demand for hotel rooms
The already well-known example for y(x): hotel room occupancy [%]

y = Boxo + P11 + Paxs + €
where xg = 1, z1: proxy for quality [# stars|; z2: price [€/night],
Bo =255, P =382, [r=—0952

and
28.0 —6.40 -0.119

—6.40 26.0 —0.941
—0.119 -0.941 0.0397

<
I
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The already well-known example for y(x): hotel room occupancy [%]

y = Boxo + P11 + Paxs + €
where xg = 1, z1: proxy for quality [# stars|; z2: price [€/night],
Bo =255, P =382, [r=—0952

and
28.0 —6.40 -0.119

V= -640 26.0 —0.941
—0.119 —0.941 0.0397

! Hoi:B1 =0, point t-test with T = 31/\/\}11 ~ T(12 — 3), i.e. df=9 degrees of
freedom, tyata = 7.49, t(()%m = 2.26 < |tgata| = Ho rejected, stars matter
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Example: modeling the demand for hotel rooms
The already well-known example for y(x): hotel room occupancy [%]

y = Boxo + P11 + Paxs + €
where xg = 1, z1: proxy for quality [# stars|; z2: price [€/night],
Bo =255, P =382, [r=—0952
and
28.0 —-6.40 —0.119

V= -640 26.0 —0.941
—0.119 —0.941 0.0397

! Hoi:B1 =0, point t-test with T = 31/\/\71 ~ T(12 — 3), i.e. df=9 degrees of

freedom, ¢, = 7.49, ) = = 2.26 < |tgata| = Ho rejected, stars matter
data 0.975 )

! Hoo : 1 <=0 (use as Hp what you want to reject!), interval test with same T" and

C .
tdata @s above, t(()‘.)s))s = 1.83 < tgata = Ho2 rejected, more stars are better
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Example: modeling the demand for hotel rooms (ctned)



£ TECHNISCHE
) OiveRsiAT

Wiy Econometrics Master's Course: Methods 4. Significance Tests 4.1 General Four-Step Procedure

Example: modeling the demand for hotel rooms (ctned)

! Hys: B2 < —1 (Hos is the complement event!),

. ~ !
taata = (B2 +1)/V/Vaz = 0.24 > %), = 1.83 = Ho3 not rejected
= the hotel manager might risk losing more than one percent point of customers
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Example: modeling the demand for hotel rooms (ctned)

? Does each € more per night decrease the occupancy by at most 1 %?
' Hoz:82< -1 (Hos is the complement event!),
. - .
tdata = (B2 +1)/V/ Voo = 0.24 > t(()'gs = 1.83 = Hys not rejected
= the hotel manager might risk losing more than one percent point of customers

? s it worth renovating my hotel thereby gaining one star so that
| can ask for 30 €€ more per night without losing guests?
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Example: modeling the demand for hotel rooms (ctned)

Does each € more per night decrease the occupancy by at most 1 %?
Hos : B2 < —1 (Hos is the complement event!),
2 = o) . .

tdata = (B2 +1)/V' Vaz = 0.24 > t°g. = 1.83 = Ho3 not rejected
= the hotel manager might risk losing more than one percent point of customers
? Is it worth renovating my hotel thereby gaining one star so that

| can ask for 30 €€ more per night without losing guests?
I Again, define the complement event as Hoq : f1 < —3082 or v = 1 + 3082 <0

4 = B1+308y =9.63,
V() = Vi1 +900Vag + 2% 1%30Vi2 = 5.27
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Example: modeling the demand for hotel rooms (ctned)

? Does each € more per night decrease the occupancy by at most 1 %?
! Hys: B2 < —1 (Hos is the complement event!),
2 = o) . .

tgata = (B2 +1)/V/ Vag = 0.24 >t 9. = 1.83 = Hp3 not rejected

= the hotel manager might risk losing more than one percent point of customers
? Is it worth renovating my hotel thereby gaining one star so that

| can ask for 30 €€ more per night without losing guests?
I Again, define the complement event as Hoq : f1 < —3082 or v = 1 + 3082 <0

4 = B1+3082 =963,

V() = Vii+900Vag +2x1 %30V =5.27

So, tdata = 9/ \A/(ﬁ) =4.20 > tg?g)o = 1.83 = Hoy rejected at 5% = the risk of
losing customers is less than 5%
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4.1 General Four-Step Procedure

Example: modeling the demand for hotel rooms (ctned)

Does each € more per night decrease the occupancy by at most 1 %?
Hos : B2 < —1 (H(];; is the complement event!),
- = L 9) § .
tgata = (B2 +1)/V/ Vag = 0.24 >t 9. = 1.83 = Hp3 not rejected
= the hotel manager might risk losing more than one percent point of customers
? Is it worth renovating my hotel thereby gaining one star so that
| can ask for 30 €€ more per night without losing guests?
Again, define the complement event as Ho4 : 51 < —3082 or v = 1 + 3082 < 0

y = B1+3082 =963,
V() = Vii+900Vag +2x1 %30V =5.27

S0, tata = 7/1/V (¥) = 4.20 > té?g)f) = 1.83 = Hoy rejected at 5% = the risk of
losing customers is less than 5%

? Can it be simultaneously true that 5; = 30 and By = —17
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Example: modeling the demand for hotel rooms (ctned)

Does each € more per night decrease the occupancy by at most 1 %?
Hos : B2 < —1 (H();; is the complement event!),
- = L 9) § .

tgata = (B2 +1)/V/ Vag = 0.24 >t 9. = 1.83 = Hp3 not rejected
= the hotel manager might risk losing more than one percent point of customers
? Is it worth renovating my hotel thereby gaining one star so that

| can ask for 30 €€ more per night without losing guests?
I Again, define the complement event as Hoq : f1 < —3082 or v = 1 + 3082 <0

y = B1+3082 =963,
V() = Vii+900Vag +2x1 %30V =5.27

S0, tata = 7/1/V (¥) = 4.20 > tgfgf) = 1.83 = Hoy rejected at 5% = the risk of
losing customers is less than 5%

? Can it be simultaneously true that 5; = 30 and By = —17

! Full model: B8 = (25.5,38.2, —0.952)', S(B) = 498.2;
Reduced model with fixed 81 = 30, 82 = 1 leading to 8o = 49.0:

B, = (49.0,30,—1)', Sp = S(B,) = 1808;
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Example: modeling the demand for hotel rooms (ctned)

Does each € more per night decrease the occupancy by at most 1 %?
Hos : B2 < —1 (H();; is the complement event!),
- = L 9) § .

tdata = (B2 +1)/V' Vaz = 0.24 > t°g. = 1.83 = Ho3 not rejected
= the hotel manager might risk losing more than one percent point of customers
? Is it worth renovating my hotel thereby gaining one star so that

| can ask for 30 €€ more per night without losing guests?
I Again, define the complement event as Hoq : f1 < —3082 or v = 1 + 3082 <0

4 = B1+30B2 =9.63,
V() = Vi1 +900Vag + 2% 1%30Vi2 = 5.27

S0, tata = 7/1/V (¥) = 4.20 > té?gfj = 1.83 = Hoy rejected at 5% = the risk of
losing customers is less than 5%
? Can it be simultaneously true that 5; = 30 and By = —17
! Full model: B8 = (25.5,38.2, —0.952)', S(B) = 498.2;
Reduced model with fixed 81 = 30, 82 = 1 leading to 8o = 49.0:
B, = (49.0,30,—1)", So = S(B,) = 1808; M — My = 2df, n — M = 9df,
T ~ F(2,9), taaa = 9/2 (So — S)/S = 11.8 > f$32) = 4.26 = Hy rejected
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“+" if between 5% and 10%, e.g., 1 = 4.2™)
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4.1.4 The p-value

» Obviously, it is not very efficient to test Hy for a fixed significance
level o (one does not know how significant the result really is)

» Instead, one would like to know the minimum « for rejection
(notice the statistical reliability-sensitivity uncertainty relation) or
the p-value.

» The most general definition is:
p = Prob(T' € Eyaa|Hy))
where the extreme region Fy,, contains all realisations of T that
are further away from Hy than t4,:a. Hence, tgata lies on the

boundary of Eyata p is defined such
that Fqata = R(p)

» p > 5%: not significant (no star at the value for 3, sometimes a
“+" if between 5% and 10%, e.g., 1 = 4.2™)
» p < 5%: significant (one star, e.g., 51 = 4.2%)
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4.1.4 The p-value

Obviously, it is not very efficient to test Hy for a fixed significance
level o (one does not know how significant the result really is)

Instead, one would like to know the minimum « for rejection
(notice the statistical reliability-sensitivity uncertainty relation) or
the p-value.

The most general definition is:
p = Prob(T' € Eyaa|Hy))

where the extreme region Fy,, contains all realisations of T that
are further away from Hy than t4,:a. Hence, tgata lies on the
boundary of Eyata p is defined such
that Eg.ra = R(p)

» p > 5%: not significant (no star at the value for 3, sometimes a
“+" if between 5% and 10%, e.g., 1 = 4.2™)

» p < 5%: significant (one star, e.g., 51 = 4.2%)

> p < 1%: very significant (two star, 8; = 4.2**)

> p < 0.001: highly significant (three stars, §; = 4.2***)
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Calculating p for some basic tests

» Interval test Hy: 8 < Bg or 8 < By »
b= P(T > tdata|6 = /80) = 1_FT(tdata)
—
Hy £ gt
» Interval test Hy : B > Bg or B> By
p= P(T < tdata|ﬂ = BO) = FT(tdata) p

Ho



4. Significance Tests

Econometrics Master's Course: Methods

Calculating p for some basic tests

» Interval test Hy : B < By or 5 < Bo
b= P(T > tdata|6 = /80) = 1_FT(tdata)

» Interval test Hy : B > Bg or B> By
b= P(T < tdata|ﬂ = BO) = FT(tdata) p

» Point test Hy : 8 = By (symmetry of fr
assumed at the 3" equality sign)
p = P((T > |tdata|) U (T < _‘tdata‘))

t qaa

= (1 - Pr(tdatal)) + Pr(—|tdatal) "
= 1— Fp(|tdata]) + 1 — Fr(|tdatal)

= 2(1 — Fr(|tdatal))

0

0

4.1 General Four-Step Procedure

P

Ho

{ data

p2
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taata = 749, p = 2(1 — F\)(Jtgara|) = 3.7E — 5***
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p-values for the null hypotheses of the hotel example

y = Boxo + P11 + oo + €

where o = 1, x1: proxy for quality [# stars]; xo: price

>

>

Hy, “stars do not matter”: point hypothesis §; = 0
taata = 749, p = 2(1 — F\)(Jtgara|) = 3.7E — 5***

Hgyo “more stars are better”: interval hypothesis 81 < 0
taata = 749, p=1— F (tgara) = 1.9E — 5***

Hps “A occupancy < —1% per addtl €": interval hypothesis 82 < —1
taata = 0.24, p =1 — F\ (tgara) = 40%

Hys One star more is worth less than 30€”:

function interval hypothesis v = 51 + 3052 < 0

taata = 4.20, p =1 — F\ (tgara) = 0.12%**

Hys “star and price sensitivity simultaneously given”:

compound point hypothesis (81 = 30) N (B2 = —1)

taata = 11.8, p=1— F'?9 (tgea) = 0.30 %"
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Hos: Ba=-1 = Hos: B1=30 AND Bo=-1.0 @
Hoa: v- By + 30 524} —_ Hoo: B1=30 AND Bp=-06 A
o T T 1
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0.7
' 3 ~_ 0.6
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- 0.4
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1.4 : 0.2
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» Turquoise lines: boundaries of the a = 5 %-Cls of 81 and B2
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Visualization
Confidence \ntervals for B1, B2
Hog: Ba=-1 —— Hos: B1=30 AND B,=-10 @

Hoa: v- By + 30 524} —_ ‘Hoeé B1=3|0 AND Bo=06 A .
02 - : — 0.9
04 — 08
= 0.7
0.6
1 FH o5
0.4
m 0.3
.4 0.2
16 |- | ; ; | ; _ 0.1

L L L L i hﬁ- 0

20 25 30 35 40 45 50

B4 - Estimator

» Turquoise lines: boundaries of the a = 5 %-Cls of 81 and B2
> Black line: boundary of simple interval null hypothesis Hos : 82 < —1 (i-test)
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Visualization
Confidence \ntervals for B1, B2
Hog: Ba=-1 —— Hos: B1=30 AND B,=-10 @

Hoa: v- By + 30 524} —_ ‘Hoeé B1=3|0 AND Bo=06 A .
02 - : — 0.9
04 — 08
= 0.7
0.6
1 FH o5
0.4
m 0.3
.4 0.2
16 |- | ; ; | ; _ 0.1

L L L L i hﬁ- 0

20 25 30 35 40 45 50

B4 - Estimator

» Turquoise lines: boundaries of the a = 5 %-Cls of 81 and B2
> Black line: boundary of simple interval null hypothesis Hos : 82 < —1 (i-test)

» Red boxes: boundary of the function intervall hypothesis Hpq : v = 81 + 3082 < 0
(t-test)
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Visualization
Confidence \ntervals for B1 B2
o Byl —— Hos: B1=30 AND B,=-10 @

Hoa: y Bl +30 524} —_ ‘Hoe B1—3|0AND6 o=-06 A .
02 - : — 0.9
04 — 08
= 0.7
0.6
1 FH o5
0.4
m 0.3
.4 0.2
16 |- | ; ; | ; _ 0.1

L L L L i 'H- 0

20 25 30 35 40 45 50

B4 - Estimator

» Turquoise lines: boundaries of the a = 5 %-Cls of 81 and B2

> Black line: boundary of simple interval null hypothesis Hos : 82 < —1 (i-test)

» Red boxes: boundary of the function intervall hypothesis Hpq : v = 81 + 3082 < 0
(t-test)

> Black symbols: simultaneous point hypotheses (F'-test)

e Hops:(B1 = 30) NBe = —1), A: Hog : (51 =30)N (62 = —0.6).
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4.2 Dependence on the True Parameter Value

All statistical tests, including the p-values, are based on some null
hypothesis which is supposed to be marginally fulfilled, 8 = By € Hj.
What if the true parameter values take on other values?

>

>

Since regression parameters are continuous, the probability
P(H{) = 0 exactly, so the tests and p-values do not reflect reality
What happens for other values 5 ¢ Hy? This is quantified by
following conditional probability called statistical power
function:

Ta(B) = Pr(test rejected at error probability «|f)

If 5 ¢ Hy, then w(3) indicates the statistical power or
specificity of a test and 1 — 7(3) its probability for a type-ll error
If 5 € Hy, then m(3) is the type-l («) error and 1 — 7w (3) the
sensitivity of a test

Sensitivity and specificity depend on the assumed error
probability .. By definition, m(8y) = av if fp € H
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distribution such as standardnormal or student-t
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> If 8 # By € Hj, then the usual test function, e.g.,

(B; — Bjo)/+/V;; does no longer obey a standard statistical
distribution such as standardnormal or student-t

> However, T = (5; — BJ)/\/E does:
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T = — AT
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Calculating the statistical power function

> If 8 # By € Hj, then the usual test function, e.g.,

(B; — Bjo)/+/V;; does no longer obey a standard statistical
distribution such as standardnormal or student-t

> However, T = (5; — BJ)/\/E does:
Bj _ /BJO /8]0 5] o 6]0 _ AT

f f Vs f

T =

» = The independent variable of the power function is the

standardized difference AT = (8; — Bj0)/\/ Vi
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Example I: Interval test for < and <

/Bj 6]0
Vi

def rejection

S(AT) = P > t1—q

AT PT+ AT > t1_4)
=  P(T>-AT+t_q)
= 1-P(T<-AT+t_4)
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Example I: Interval test for < and <

/Bj 6]0
Vi

def rejection

S(AT) = P > t1—q

2T P(T+AT > )

=  P(T>-AT+1t_4)

=  1-P(T<-AT+t_,)
= P(T<AT—t1_a)
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Example I: Interval test for < and <

/Bj 6]0

def rejection

m=(AT) = P >t_q
Vij
AT PT+ AT > t1_4)
= P(T > —AT +t,_4)
= 1— P(T < —AT +t1_4)
YET P(T < AT —t1_4)

defistr. FT(AT . tlfa)
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Example I: Interval test for < and <

/Bj 6]0

def rejection

m=(AT) = P >t_q
Vij
AT PT+ AT > t1_4)
= P(T > —AT +t,_4)
= 1— P(T < —AT +t1_4)
YET P(T < AT —t1_4)

defistr. FT(AT . tlfa)
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Example I: Interval test for < and <

/Bj /B]O
Vi

def rejection

S(AT) = P > t1—q

= P(T+ AT > t1-4)

= P(T>-AT+1t_,)

= 1-P(T<-AT+1t1_)

YET P(T < AT —t1_4)
defistr. FT(AT . tlfa)
I Just insert AT = 0:
7<(0) = Fr(—t1_a)
FT<t(x)
def qianti\e a wr

m'=(0) = fr(=ti—a) >0 «
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Type | and Il errors for “<” or “<”-tests as a function
of the true value relative to H,, known variance

1 r .
o~Error s
B—Error wauwun “u,
08 - Power Function % /
0.6 .

Probability

0.4 / 3
0.2 a

-4 -2 0 2 4
AT=(B—BO)" g

» The maximum type-| error probability of « occurs if 8 = [y,
i.e., at the boundary of Hj.
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Type | and Il errors for “<” or “<”-tests as a function
of the true value relative to H,, known variance

1 ' T
o~Error s
B-Error =mwe- ",
08 - Power Function % /
s 06 .
©
£ %
o 04 y
o / ""
0.2 .,
-4 _2 0 " -

AT=(B-Byog
» The maximum type-| error probability of o occurs if 5 = Sy,
i.e., at the boundary of Hj.

» The maximum type-ll error probability of 1 — « occurs if g is
just outside of Hy.
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4.2 Dependence on the True Parameter Value

The same for unknown variance, df=2 degrees of freedom

O—Error s
08 B-Error m=unn

* Power Function " /
*
0.6 2

0.4 &

0.2 / .

0 e
-4 -2 0 2 4
AT=(B-By) g

Probability

» The increase with AT is steeper but 7(0) = « is unchanged
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Example II: Interval test for for > and >

def rejection

Z(AT) “TET p Bi= B

Vij

<ta

= P(T + AT < t,)
= P(T < —=AT +t,)
defistr. FT(ta . AT)

I Just insert AT = 0:

def quantile
7= (0) w a

7'Z(0) = —fr(0) <0 «
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4.2 Dependence on the True Parameter Value

Type | and Il errors for “>" or “>"-tests, known variance

i T T
o O—Error e
“‘0‘ B_Error TR
08 \ g Power Function "
5 06 ;
© \¢
o F
2 04 +
o R \
0.2 .
&
. ot \
0 gu ¥ e

AT=(B-Bp) Gp

» Again, the maximum type | and Il error probabilities of o and
1 — «, respectively, are obtained if the true parameter(s) are at
the boundary / very near outside of Hj.
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4. Significance Tests

4.2 Dependence on the True Parameter Value

Type | and Il errors for “>" or “>"-tests, known variance

Power Function

O—Error

B-Error mmnun

Probability

S

AT=(B-Bp) Gp

» Again, the maximum type | and Il error probabilities of o and
1 — «, respectively, are obtained if the true parameter(s) are at
the boundary / very near outside of Hj.

» The maximum type-l error probability is also known as
significance level.
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The same for unknown variance, df=2 degrees of freedom

1 : T
L O—Error
oo B—Error wuuun
0.8 o Power Function 7
= &
= 06 ¥
9 3
B R
S 04 &
o R \
(T S— S
0 e
4 -2 0 2 4

AT=(B-By)/og
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def rejlection

TS(AT) PP >t
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Example IlI: Point test for “=

p (|8 Bio >t

def rejlection —
(3' ~
Bj

7(AT)

€T P(T + AT| > ty_a)0)
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7(AT)

Example IlI: Point test for “=

B8; — Bjo
P 7JA J >t17a/2
o
Bj

def rejlection

€T P(T + AT| > ty_a)0)

P(T + AT > tlfa/g) + P(T + AT < _tlfa/Q)
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Example IlI: Point test for “=
Feq(AT) def rejsction P (

> tla/2>
def AT

=" P(T+AT| > ty_op)
= P(T + AT > tlfa/g) + P(T + AT < _tlfa/Q)
= 1= P(T+ AT <ty_op2) + P(T+ AT < —t1_4,

B; — Bio

E
Bj
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Example IlI: Point test for “=

> tla/2>

B; — Bio

~

Feq(AT) def rejsction P (
U,Bj

CET P(T + AT| > ty_ap0)
= P(T+AT> tlfa/2)+P(T+AT< _tlfa/Q)
= 1= P(T+ AT <ty_op2) + P(T+ AT < —t1_4,

def distr. | Fr(ty_ajs — AT) + FPr(—t)_oj5 — AT)
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Example IlI: Point test for “=

> tla/2>

B; — Bio

~

Feq(AT) def rejsction P (
U,Bj

CET P(T + AT| > ty_ap0)
= P(T+AT> tlfa/2)+P(T+AT< _tlfa/Q)
= 1= P(T+ AT <ty_op2) + P(T+ AT < —t1_4,
defdisr g Fr(ti_q/e — AT) + Fr(—ti_q/ — AT)

symm.

2= Fr(ti—ap — AT) — Fr(ti—a/2 + AT)
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Example IlI: Point test for “=

> tla/2>

B; — Bio

~

Feq(AT) def rejsction P (
U,Bj

CET P(T + AT| > ty_ap0)
= P(T+AT> tlfa/2)+P(T+AT< _tlfa/Q)
= 1= P(T+ AT <ty_op2) + P(T+ AT < —t1_4,
defdisr g Fr(ti_q/e — AT) + Fr(—ti_q/ — AT)

symm.

2= Fr(ti—ap — AT) — Fr(ti—a/2 + AT)

I Just insert AT = 0:

7%0)=2-(1-a/2)—(1—a/2)=a «
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Probability

4. Significance Tests

4.2 Dependence on the True Parameter Value

Type | and 1l errors for two-sided (point-)tests
(unkown variance, df=2)

0.8

0.6

0.4

0.2

AT=(B-ByYiop

o
\ .-'" "'-’ /
T o~Error = A
é‘ B_Error unnnn "
+ Power Function s,
#“ “'o
4
-4 -2 0 2 4

» Since Hy is a point set here, the type-l error probability is always
given by a (“significance level")
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4.3 Model Selection Strategies
Problem Statement

> With every additional parameter, the ; quality in
terms of the SSE becomes better (Wwi'y?)
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> With every additional parameter, the f/'((iuality in
terms of the SSE becomes better ( )

» However, the risk of. ové"flttlng increa es. In the
words of n Neumann: “With four parameters |
can fit an elephant, and with.five'T can-make him
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4.3 Model Selection Strategies
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4.3 Model Selection Strategies
Problem Statement

ol

> With every additional parameter, the ?((iuality in
terms of the SSE becomes better (wi'y?)

» However, the risk of. ovéﬂflttlng increas es. In the
words of John Nemmfnn ‘-‘vVlth folr parameters |
can fit an elephant, and W\{e can-make him

W/gg/e [lts] trun‘lf i 4
: R

ot validate and can make
predictions.
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4.3 Model Selection Strategies
Problem Statement

a

> With every additional parameter, the f/'((iuality in
terms of the SSE becomes better ( )

» However, the _risk_of‘..ovléfﬁt’;ing increases. In the
words of Jéhn Neum __nn:-%ith four parameters |
can fit an elephant, and er can-make him
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Model selection: some standard criteria
> (1) Adjusted R2:
n—1 S
n—J-—1 So’
S = SSE(calibr. full model), Sy = SSE(calibr. constant-only model).

R?=1- (1-R*), R*=1-
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Model selection: some standard criteria
> (1) Adjusted R2:
n—1
n—dJ—1 So’
S = SSE(calibr. full model), Sy = SSE(calibr. constant-only model).

R?=1- (1-R*), R*=1-

» (2) Akaike information criterion AIC:

2
AIC =3, +J -,
n
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Model selection: some standard criteria
> (1) Adjusted R2:
n—1
n—dJ—1 So’
S = SSE(calibr. full model), Sy = SSE(calibr. constant-only model).

R?=1- (1-R*), R*=1-

» (2) Akaike information criterion AIC:
9 2
AlIC =In6gee, + J —,
n

» (3) Bayes’ Information criterion BIC:

1
BIC = In62,, +J —.
n

Notice that the descriptive 63, = S/n instead of the unbiased
62 = 8/(n—1— J) are assumed when defining AIC and BIC.
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Model selection: Strategy a la “Occam’s Razor”

> Identify J possibly relevant exogenous factors (the constant is always
included) and calculate R?, AIC, or BIC for all 27 combinations of
these factors (a given factor is either contained or not) by brute force).
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Model selection: Strategy a la “Occam’s Razor”

> Identify J possibly relevant exogenous factors (the constant is always
included) and calculate R?, AIC, or BIC for all 27 combinations of
these factors (a given factor is either contained or not) by brute force).

» The best model is that maximizing R? or minimizing AIC or BIC.
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Model selection: Strategy a la “Occam’s Razor”

> Identify J possibly relevant exogenous factors (the constant is always
included) and calculate R?, AIC, or BIC for all 27 combinations of
these factors (a given factor is either contained or not) by brute force).

» The best model is that maximizing R? or minimizing AIC or BIC.

» Since AIC and also R? penalize complex models (with many
parameters) too little, the BIC is usually the best bet.
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Model selection: Strategy a la “Occam’s Razor”

> Identify J possibly relevant exogenous factors (the constant is always
included) and calculate R?, AIC, or BIC for all 27 combinations of
these factors (a given factor is either contained or not) by brute force).

» The best model is that maximizing R? or minimizing AIC or BIC.

» Since AIC and also R? penalize complex models (with many
parameters) too little, the BIC is usually the best bet.

» Besides the brute-force approach, there are two faster strategies that
may not find the “best” model (BIC etc are not transitive)

» Top-down approach: Start with all the .J factors. In each round,
eliminate a single factor such that the reduced model has the
highest increase in R? / decrease in AIC or BIC. Stop if there is
no further improvement.

» Bottom-up approach: Start with the constant-only model
y = By and successively add factors until there is no further
improvement.

» Standard statistics packages contain all of these strategies.
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4.4. Logistic regression

» Normal linear models of the form Y = 3'x + € require the endogenous
variable to be continuous (discuss!)
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4.4. Logistic regression

» Normal linear models of the form Y = 3'x + € require the endogenous
variable to be continuous (discuss!)

» Using model chaining with an unobservable intermediate continuous
variable Y* allows one to model binary outcomes:

Y(z) = { (1) z/t’;(e:fv)vije,o Y*(xz)=9"(x)+e=B'z+e

where € obeys the logistic distribution with F.(z) = e*/(e” + 1)
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4.4. Logistic regression

» Normal linear models of the form Y = 3'x + € require the endogenous
variable to be continuous (discuss!)

» Using model chaining with an unobservable intermediate continuous
variable Y* allows one to model binary outcomes:

Y(z) = { (1) z/t’;(e:fv)vije,o Y*(xz)=9"(x)+e=B'z+e

where € obeys the logistic distribution with F.(z) = e*/(e” + 1)
» Probability P; for the outcome Y = 1:

P =PY*x)>0)=F.(8z)=———
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4.4. Logistic regression

» Normal linear models of the form Y = 3'x + € require the endogenous
variable to be continuous (discuss!)

» Using model chaining with an unobservable intermediate continuous
variable Y* allows one to model binary outcomes:

Y(z) = { (1) z/t’;(e:fv)vije,o Y*(xz)=9"(x)+e=B'z+e

where € obeys the logistic distribution with F.(z) = e*/(e” + 1)
» Probability P; for the outcome Y = 1:

P =PY*x)>0)=F.(8z)=———

» Formally, this is a normal linear regression model for the log of the
odds ratio P, /Py = P1/(1 — P,):

§*(x) = Bz =1In (ﬁ;)
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1 3.5 T

- 09F =z 8
[} z 25
£ o8| <
- c
E — n

07 2os
s 2
@ 06+ 5 1
= [
° w 05
S 05 kel
= <] 0
<= 04 L Data @ | & Data @

® Logistic Regression s = 05 ® Logistic Regression =
03 | | | | 1 i | | |
0 1 2 3 4 5 0 1 2 3 4 5
Distance x; [km] Distance x; [km]

> Alternatives: i = 1: motorized and i = 2 (not)

» Intermediate variable estimated by percentaged choices:
y*=In(f1/(1 - f1))

» Model: Log. regression, §*(x1) = o + P11

» OLS Estimation: 8y = —0.58, (1 =0.79
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4. Significance Tests

4.4. Logistic regression

Odds ratio f1/(1-f;)

Method consistent? added 5" data point with f=0.9999

Data

Logistic Regression "
1 1 1 1 1

0 1 2 3

4

5

6

7

8

9

Distance x; [km]

» Same model: §*(z1) = Po + Pix1

» New estimation: 5y = —3.12,

16 T T T
= 14 : -
= 12 -
< 10+ i
£
_|| 8 - -
s 8f 1
T 4 - -
“ ®
g 2 ]
® 0 i I
2 Data @
= 2 ‘ Logistic Regression s |

4 i I | | | I |

0 1 2 3 4 5 6 7 8 9
Distance x4 [km]
51 =2.03

» Estimation would fail if f{ = 0 or =1 = real discrete-choice

model necessary!
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! : !
09 — .. :
08 -
0.7 —
06 -

05 -

Percentaged frequency motorized

0.4 : Data motorized O
i Model
03 \ | l |

0 1 2 3 4 5

Distance [km]

» Model: Logit, V;(z1) = Bodi1 + frz1d:1, V2 = 0.
» Estimation: Sy = —0.50 £ 0.65, 51 = +0.71 +0.30
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0.4 tf-o oo Data motorized @
Model
\

Percentaged frequency motorized

0.3 | | |
0 2 4 6 8 10

Distance [km]

» Same logit model, V;(z1) = Bodi1 + frx161, Vo = 0.
> New estimation: By = —0.55 4 0.63, 81 = +0.75 «+ 0.27
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